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Abstract
A formalization of the recently introduced formalism for inflation is developed
from a noncompact Kaluza-Klein theory. In particular, the case for a single
scalar field inflationary model is studied. We obtain that the scalar potential,
which assume different representations in different frames, has a geometrical
origin.
Pacs numbers: 04.20.Jb, 11.10.kk, 98.80.Cq
In the last years, many people has worked in extra dimensions [1]. As has been empha-
sized, Standard Model matter can propagate a large distance in extra dimensions without
conflict with observations if Standard Model is confined to a (3+1)-dimensional subspace, or
“3-brane”, in the higher dimensions [2]. It should be possible if the four familiar dimensions
where dependent of coordinate in the extra dimensions. In some works on non compact extra
dimensions the authors studied trapping of matter fields to be effectively four dimensional
(4D) [3] or studied finite-volume but topologically non compact extra dimensions [4].
A very important question in theoretical physics consists to provide a good geometrical
description of matter using only one extra coordinate (say ψ). The explanation of this issue
in the framework of the early universe, in particular for inflationary theory [5], should be
of great importance in cosmology. In this letter, we are aimed to study this topic using
the Kaluza-Klein formalism where the fifth coordinate is non compact. In this framework
should be interesting to explain the origin of an effective four dimensional (4D) scalar po-
tential V (ϕ) which could be originated from a 5D apparent vacuum. The idea that matter
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in four dimensions (4D) can be explained from a 5D Ricci-flat (RAB = 0) Riemannian man-
ifold is a consequence of the Campbell’s theorem. It says that any analytic N -dimensional
Riemannian manifold can be locally embedded in a (N +1)-dimensional Ricci-flat manifold.
This is of great importance for establishing the generality of the proposal that 4D field equa-
tions with sources can be locally embedded in 5D field equations without sources [6]. For
apparent vacuum we understand a 5D flat metric and a 5D Lagrangian for a neutral scalar
field, where the 5D dynamics is only kinetic, that is, the 5D potential in the 5D Lagrangian
do not exists. In other words, we shall consider an 5D apparent vacuum for scalar fields
without sources or interactions.
We consider the 5D metric, recently introduced by Ledesma and Bellini (LB) [7]
dS2 = ψ2dN2 − ψ2e2Ndr2 − dψ2, (1)
where the parameters (N ,r) are dimensionless and the fifth coordinate ψ has spatial unities.
The metric (1) describes a flat 5D manifold in apparent vacuum (GAB = 0). To describe
neutral matter in a 5D geometrical vacuum (1) we can consider the Lagrangian
(5)L(ϕ, ϕ,A) = −
√√√√∣∣∣∣∣
(5)g
(5)g0
∣∣∣∣∣ (5)L(ϕ, ϕ,A), (2)
where (5)g = ψ8e6N is the determinant of the 5D metric tensor with components gAB (A,B
take the values 0, 1, 2, 3, 4) and (5)g0 = ψ
8
0e
6N0 is a constant of dimensionalization determined
by (5)g evaluated with the initial conditions of the system: ψ = ψ0 and N = N0. We shall
consider N0 = 0, so that
(5)g0 = ψ
8
0 . Since the 5D metric (1) describes a manifold in apparent
vacuum, the density Lagrangian L in (2) must to be
(5)L(ϕ, ϕ,A) =
1
2
gABϕ,Aϕ,B, (3)
which describes a free scalar field because there is no interaction: V [ϕ(N, r, ψ)] = 0. Taking
into account the metric (1) and the Lagrangian (2), we obtain the equation of motion for ϕ
(
2ψ
∂ψ
∂N
+ 3ψ2
)
∂ϕ
∂N
+ ψ2
∂2ϕ
∂N2
− ψ2e−2N∇2rϕ− 4ψ
3∂ϕ
∂ψ
− 3ψ4
∂N
∂ψ
∂ϕ
∂ψ
− ψ4
∂2ϕ
∂ψ2
= 0, (4)
where ∂N
∂ψ
is zero because the coordinates (N,~r, ψ) are independents.
Now, as in earlier works [7,8], we can consider the 3D comoving frame dr = 0. Taking
the metric (1) with U r = 0, the geodesic dynamics dU
C
dS
= −ΓCABU
AUB with gABU
AUB = 1,
give us the following velocities UA:
Uψ = −
1√
u2(N)− 1
, U r = 0, UN =
u(N)
ψ
√
u2(N)− 1
, (5)
for S(N) = −N and u(N) = coth(N). In this representation dψ
dN
= ψ/u(N). Thus the fifth
coordinate evolves as
ψ(N) = ψ0e
∫
dN/u(N). (6)
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Here, ψ0 is a constant of integration that has spatial unities. From the mathematical point
of view, we are taking a foliation of the 5D metric (1) with r constant. Hence, to describe
the metric in physical coordinates we can make the following transformations:
t =
∫
ψ(N)dN, R = rψ, L = ψ(N) e−
∫
dN/u(N), (7)
such that for ψ(t) = 1/Hc(t) (i.e., for u(N) = −
Hc
dHc/dN
> 0), we obtain the resulting 5D
metric
dS2 = dt2 − e2
∫
Hc(t)dtdR2 − dL2, (8)
where L = ψ0 is a constant and Hc(t) = a˙/a is the classical Hubble parameter. The new
variables has physical meaning, because t is the cosmic time and (R,L) are spatial variables.
Furthermore a(t) is the scale factor of the universe and describes its 3D euclidean (spatial)
volume. Hence the effective 4D metric is a spatially (3D) flat FRW one
dS2 → ds2 = dt2 − e2
∫
Hc(t)dtdR2, (9)
and has a scalar curvature (4)R = 6(H˙c+2H
2
c ). The metric (9) has a metric tensor with com-
ponents gµν (µ, ν take the values 0, 1, 2, 3). The determinant of this tensor is
(4)g = (a/a0)
6.
Furthermore, the metric (9) describes globally a isotropic and homogeneous universe.
Now we can make the same treatment to the density Lagrangian (3) and the differential
equation (4). Using the transformations (7) we obtain
(4)L
[
ϕ(~R, t), ϕ,µ(~R, t)
]
=
1
2
gµνϕ,µϕ,ν −
1
2
[
(RHc)
2 −
a20
a2
]
(∇Rϕ)
2 , (10)
ϕ¨+ 3Hcϕ˙−
a20
a2
∇2Rϕ+
[(
4
H3c
H˙c
− 3
H˙c
Hc
− 3
H5c
H˙2c
)
ϕ˙+
(
a20
a2
−H2cR
2
)
∇2Rϕ
]
= 0. (11)
Hence, with this representation the effective scalar 4D potential V (ϕ) and its derivative with
respect to ϕ(~R, t) are
V (ϕ) ≡
1
2
[
(RHc)
2 −
(
a0
a
)2]
(∇Rϕ)
2 , (12)
V ′(ϕ) ≡
(
4
H3c
H˙c
− 3
H˙c
Hc
− 3
H5c
H˙2c
)
ϕ˙+
(
a20
a2
−H2cR
2
)
∇2Rϕ. (13)
The equations (10) and (11) describe the dynamics of the inflaton field ϕ(~R, t) in a metric
(9) with a Lagrangian
(4)L[ϕ(~R, t), ϕ,A(~R, t)] = −
√√√√∣∣∣∣∣
(4)g
(4)g0
∣∣∣∣∣
[
1
2
gµνϕ,µϕ,ν + V (ϕ)
]
, (14)
where
∣∣∣(4)g0∣∣∣ = 1. In the new representation (R, t, L), we obtain the following new velocities
UˆA = ∂xˆ
A
∂xB
UB
3
U t =
2u(t)√
u2(t)− 1
, UR = −
2r√
u2(t)− 1
, UL = 0, (15)
where the old velocities UB are UN , U r = 0 and Uψ. Furthermore, the velocities UˆB complies
with the constraint condition
gˆABUˆ
AUˆB = 1. (16)
The important fact here is that the new frame give us an effective spatially flat FRW metric
embedded in a 5D manifold where the initial value of the fifth coordinate L0 = ψ0 = 1/H0 is
the primordial Hubble horizon, which emerges naturally as a constant in this representation.
The solution N = arctanh[1/u(t)] corresponds to a power-law expanding universe with
time dependent power p(t) for a scale factor a ∼ tp(t). Since Hc(t) = a˙/a, the resulting
Hubble parameter is
Hc(t) = p˙ln(t/t0) + p(t)/t, (17)
where t0 is the time for which inflation ends. The function u written as a function of time is
u(t) = −
H2c
H˙c
, (18)
where the overdot represents the derivative with respect to the time. In this frame, the 4D
energy density ρ and the pressure p are [7]
8πGρ = 3H2c , (19)
8πGp = −(3H2c + 2H˙c). (20)
Furthermore, note that the condition (16) implies that |u(t)| =
√
4r2(a/a0)2−1
3
> 1, where
r is a constant. Moreover, the function u(t) can be related to the deceleration parameter
q(t) = −a¨a/a˙2: u(t) = 1/[1 + q(t)], such that for inflationary models the required condition
|q(t)| ≃ 1 (but with negative q), is fulfilled for r = R(t)Hc(t)≫ 1. In other words, it means
that the effective 4D background metric (9) is only valid on super Hubble scales: R≫ 1/Hc,
in agreement with the expected for a background metric. Note that the function 1/u(t) =
−H˙/H2 ≪ 1 give us the slow-roll parameter [9] during inflation [10]. So, the feasible values
for the constant r during inflation being given only from geometrical arguments. This is an
important prediction of the model here developed.
On the other hand, V (ϕ) and V ′(ϕ) can be written as a function of the old coordinates
(N, r, ψ) in the comoving frame U r = 0
V (ϕ) ≡
1
2
[
r2 − e−2N
] 1
r2

 1
⋆
ψ
⋆
ϕ


2
, (21)
V ′(ϕ) ≡

3
⋆
ψ
ψ3
−
4
ψ
⋆
ψ
−
3
⋆
ψ
2

 ⋆ϕ +
[(
a0
a
1
r
)2
− 1
]
∂2ϕ
∂ψ2
. (22)
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Here, the overstar denotes the derivative with respect to N . Note that ∆N is the number of
e-folds of the universe. To inflation solves the horizon/flatness problems it is required that
∆N ≥ 60 at the end of inflation.
At this point we can introduce the 4D Hamiltonian H = π0ϕ˙ −(4) L, where the 4D
Lagrangian is (4)L(ϕ, ϕ,µ) =
√
|(4)g|
|(4)g0|
(4)L(ϕ, ϕ,µ) [see eq. (14)]:
H =
1
2
a3
a30
[
ϕ˙2 +
a20
a2
(∇ϕ)2 + 2V (ϕ)
]
. (23)
Hence, we can define the energy density operator ρ such that H = a
3
a30
ρ. Hence
ρ =
1
2
[
ϕ˙2 +
a20
a2
(∇ϕ)2 + 2V (ϕ)
]
. (24)
The 4D expectation value of the Einstein equation H2 = 8πG
3
ρ on the 4D FRW metric (9),
will be
〈
H2
〉
=
4πG
3
〈
ϕ˙2 +
a20
a2
(∇ϕ)2 + 2V (ϕ)
〉
, (25)
where G is the gravitational constant. We can make a semiclassical treatment [10,11] for
the quantum field ϕ, such that < ϕ(~R, t) >= φc(t):
ϕ(~R, t) = φc(t) + φ(~R, t), (26)
where < φ >= 0. Furthermore, we impose that < φ˙ >= 0. With this approach the classical
dynamics on the background 4D FRW metric (9) is well described by the equations
φ¨c + 3
a˙
a
φ˙c + V
′(φc) = 0, (27)
H2c =
8πG
3
(
φ˙2c
2
+ V (φc)
)
. (28)
Since φ˙c = −
H′c
4πG
, from eq. (28) we obtain the classical scalar potential V (φc) as a function
of the classical Hubble parameter Hc
V (φc) =
3M2p
8π
[
H2c −
M2p
12π
(H ′c)
2
]
,
where Mp = G
−1/2 is the Planckian mass. The quantum dynamics is described by
φ¨+ 3
a˙
a
−
a20
a2
∇2φ+
∑
n=1
1
n!
V (n+1)(φc)φ
n = 0, (29)
〈
H2
〉
= H2c +
8πG
3
〈
φ˙
2
+
a20
2a2
(∇φ)2 +
∑
n=1
1
n!
V (n)(φc)φ
n
〉
. (30)
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On cosmological scales, the quantum fluctuations are small, so that a linear approximation
(i.e., n = 1) is sufficient to make a realistic description for the evolution of φ. Furthermore,
the second term in (30) is negligible when φ is considered spatially very homogeneous.
However, such that term could be very important on sub Hubble scales [12]. With the aim
to make a description of the dynamics on cosmological scales, we shall consider this term as
null. For this reason we shall take a˙
2
a2
=< H2 >≃ H2c . Once done the linear approximation
for the semiclassical treatment we can make the identification of the squared mass for the
inflaton field m2 = V ′′(φc). Hence, after make a linear expansion for V
′(ϕ) in eq. (22), we
obtain
V ′(φc) =
(
4
H3c
H˙c
− 3
H˙c
Hc
− 3
H5c
H˙2c
)
φ˙c, (31)
m2φ ≡
(
4
H3c
H˙c
− 3
H˙c
Hc
− 3
H5c
H˙2c
)
∂φ
∂t
+
(
a20
a2
−H2cR
2
)
∇2Rφ. (32)
Taking into account the expressions (27) with (31) and (29) with (32), we obtain the dynam-
ics for φc and φ. Hence, the equations φ¨c+3Hcφ˙c+V
′(φc) = 0 and φ¨+3Hcφ˙c−(a/a0)
2∇2Rφ+
V ′′(φc)φ = 0 now take the form
φ¨c + [3Hc + f(t)] φ˙c = 0, (33)
φ¨+ [3Hc(t) + f(t)] φ˙−H
2
cR
2∇2Rφ = 0, (34)
where
f(t) =
(
4
H3c
H˙c
− 3
H˙c
Hc
− 3
H5c
H˙2c
)
. (35)
Moreover, V ′(φc) and V
′′(φc)φ can be written in terms of the metric (1), for a comoving
observer (with U r = 0)
V ′(φc) =

3
⋆
ψ
ψ3
−
4
ψ
⋆
ψ
−
3
⋆
ψ
2

 ⋆φc, (36)
m2φ ≡

3
⋆
ψ
ψ3
−
4
ψ
⋆
ψ
−
3
⋆
ψ
2

 ⋆φ +
[(
a0
a
1
r
)2
− 1
]
∂2φ
∂ψ2
. (37)
Note that in this representation a) the squared mass is a differential operator that acts on
the quantum fluctuations φ, and b) the 4D potential and its derivatives with respect to
ϕ(~R, t) are consequence of the evolution of ψ(N). In other words the nonzero curvature of
the 4D potential is induced by the geodesic evolution of the fifth coordinate for an observer
in a comoving frame with U r = 0. So, the inflationary dynamics, which is described by the
inflaton field, should be determined by the evolution of the space-like fifth coordinate on a
foliation of the 5D metric (1) where r is a constant. This is the main result of this letter.
This formalism could take important consequences in the early universe. During the
inflationary epoch, the slow-roll condition γ(t) = −H˙c/H
2
c ≪ 1 holds. Since u(t) = 1/γ(t),
we obtain that u≫ 1. This assures that all the velocities in UA in (5) and UˆA in (15) to be
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real, and imposes the condition r ≫ 1 [8]. Furthermore the equation of state can be written
in terms of the function u(t)
〈p〉 = −
[
1−
2
3u(t)
]
〈ρ〉 ,
which, since u ≫ 1 during inflation, complies with the required condition for this stage:
〈p〉 ≃ − 〈ρ〉. Moreover, speaking in terms of the effective 4D FRW metric (9), the geodesic
evolution of the fifth coordinate give us the Hubble horizon ψ(t) = 1/H(t) and the resulting
fifth (constant) coordinate L = ψ0 is given by the primordial Hubble horizon: L = 1/Hc(t0).
We can define the redefined quantum fluctuations χ(~R, t) = e1/2
∫
[3Hc(t)+f(t)]dtφ, so that
the equation of motion for χ yields
χ¨−
[
H2cR
2∇2R +
1
4
(3Hc + f(t))
2 +
1
2
(
3H˙c + f˙(t)
)]
χ = 0, (38)
so that the modes χk(~R, t) of the field χ complies the differential equation
χ¨k +H
2
cR
2
(
k2 − k20(t)
)
χk = 0, (39)
with
k20(t) =
1
R2H2c
[
1
4
(3Hc + f(t))
2 +
1
2
(
3H˙c + f˙(t)
)]
, (40)
where f(t) is a function of the classical Hubble parameter [see eq. (35)]. Hence, all the
dynamics of the quatum fluctuations being described only by the classical Hubble parameter
Hc = a˙/a.
To ilustrate the formalism we can study an example where ψ(N) = −1/(αN), so that
Hc(N) = −αN . This implies that the classical Hubble parameter (written as a function of
time) is given by Hc(t) = H0e
α∆t. At the end of inflation α∆t≪ 1, so that Hc(t) ≃ H0(1 +
α∆t) and 3Hc(t) + f(t) ≃ 3H0(1+α∆t) + 3α− (4H
2
0/α)(1 + 2α∆t)− (3H
3
0/α
2)(1+ 3α∆t),
where ∆t = t0 − t and t0 is the time for which inflation ends. At the end of inflation it is
sufficient to make a ∆t-first order expansion for k20, so that it can be approximated to
k20(t) =
1
r2
(A− Bt) . (41)
With this approximation, the general solution for the modes χk(t) is
χk(t) = C1Ai [x(t)] + C2Bi [x(t)] , (42)
where Ai [x(t)] and Bi [x(t)] are the Airy functions with argument x(t). Furthermore, (C1,C2)
are some constants and
A =
1
4
(
3H0 − 3
H30
α2
+ α− 3
H20
α
)2
+
1
2
(
8H20 − 9
H30
α
− αH0
)
−
1
2
(
3H0 − 3
H30
α2
+ 3α− 8
H20
α
)(
8H20 + 9
H30
α
− 3H0α
)
t0, (43)
B =
1
2
(
3H0 − 3
H30
α2
+ 3α− 8
H20
α
)(
3H0α− 8H
2
0 − 9
H30
α
)
, (44)
x(t) =
[(A− k2)− Bt]
b
(
b
r2
)1/3
. (45)
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Note that in this example H0 denotes the value of the Hubble parameter at the end of
inflation. On cosmological scales (i.e., for k2 ≪ A − Bt), the solution for χk is unstable.
However in the UV sector (i.e., for k2 ≫ A − Bt), the modes oscillate. This behavior is
well described by the function Bi[x(t)], so that we shall take C1 = 0. Hence, at the end of
inflation the modes χk will be
χk(t) = C2 Bi[x(t)]. (46)
Since the modes of the quantum fluctuations φ are φk = e
−1/2
∫
[3Hc+f(t)]dtχk, the squared
fluctuations are given by
〈
φ2
〉
≃
1
2π2
e
−
[
3(H0+α)−4
H
2
0
α
−3
H
3
0
α2
]
t
∫
dk k2
∣∣∣χ2k
∣∣∣ , (47)
where the modes χk are given by eq. (46). Furthermore the density fluctuations at the end
of inflation can be estimated by the expression
δρ
ρ
∼
H20
φ˙c
∼ 2π1/2
H
3/2
0
Mpα1/2
, (48)
which are of the order of 10−5 for H0 ∼ 10
−5 Mp and α ∼ 10
−5 Mp. In our case, the spectral
index ns being given by ns−1 = −
6
u(t)
. During inflation u≫ 1, so that |ns−1| ≪ 1. Hence,
during inflation the spectrum approaches very well with a Harrison - Zeldovich one. A more
exaustive treatment for density fluctuations go beyond the scope of this letter.
In this letter we have studied a single scalar field inflationary model which emerges
from a 5D apparent vacuum described by a flat 5D metric with coordinates (N ,r,ψ) and a
Lagrangian for a free scalar field. The interesting is that the scalar potential V (ϕ) appears
in the 3D comoving frame characterized by U r = 0 [see eq. (21)]. A further transformation
to physical coordinates t =
∫
ψ(N)dN , R = rψ and L = ψe−
∫
dN/u(N) give us the possibility
to describe the system in a effective 4D (but 3D spatially flat) FRW metric. Such that
metric is view as a particular frame (characterized with UL = 0) of the 5D metric (8),
where the potential V (ϕ) is represented as the differential operator (12). In other words,
the potential, which assume different representations in different frames, has a geometrical
origin. Moreover, the mass of the inflaton field appears in the frame UL = 0 as a differential
operator applied to que quantum fluctuations φ(~R, t). Hence, for the semiclassical (and
linear on φ) treatment here developed, m2φ(~R, t) is a local operator with nonzero expectation
value. At this point we must to exalt this result, because a particular frame in physics is
intrinsically related to an observer (or experimental result). Note that in the potential
(12) the KK modes are excluded. These modes should be related to a spin-2 graviton that
appears in the KK theory when the electromagnetic effects are included. This is not our
case. In this letter we are excluded the electromagnetics fields in the metric because the
electromagnetics effects should be non important on cosmological scales.
To conclude, this formalism could be generalized to other inflationary models with many
scalar fields [13]. Deflationay models could be examined using a line element S(N) = N
(we emphasize that here we have used S(N) = −N which describes expanding universes).
Moreover, models with nonzero cosmological parameters could be studied. The formalism
8
also could be successfully extended to the study of topological defects [14] by using a line
element S ≡ S(r) on some frame UN = 0, rather the here used S ≡ S(N).
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